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The paper addresses the problem of modeling of ﬁber reinforced composites with imperfect bonding
between the matrix and the inhomogeneities. The imperfections of different kinds are usually modeled
as either layered inhomogeneities or by springs of certain stiffnesses distributed along the matrix/ﬁber
interfaces. We compare the two approaches for the case of incompressible layer between the phases
and calculate effective properties of ﬁber reinforced composites with periodic square arrays of ﬁbers pos-
sessing imperfect contact with the surrounding material. We identify the interval of thickness at which
the interphase does not inﬂuence the effective properties and show how the imperfection effects
described by different models can be expressed in terms of each other.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
The paper focuses on the modeling of heterogeneous materials
with imperfect bonding between the matrix and the inhomogene-
ity. We address the case of long ﬁber reinforced composite (plane
strain problem and anti-plane problem). The imperfections may be
of different kinds – interphase layers due to chemical interactions
between the constituents, partial debonding, presence of surface
tension on the interface etc. There are two ways proposed in liter-
ature to model the mentioned imperfections (Fig. 1): (A) contin-
uum approach when the layered inhomogeneity is considered
directly and (B) discrete model when the imperfection is modeled
by springs of certain stiffnesses distributed along the interface.
Mathematical analyses of inhomogeneous interfaces started,
probably, with the work of Kanaun and Kudriavtseva (1983,
1986) on the effective elasticity of a medium with spherical and
cylindrical inclusions, correspondingly, surrounded by radially
inhomogeneous interphase zones. In these papers, the basic idea
of replacing an inhomogeneous inclusion by an equivalent homo-
geneous one was formulated. Such a replacement was carried out
by modeling the inhomogeneous interface by a number of thin
concentric layers (piecewise constant variation of properties). It
was shown that, at the number of layers N  40, further increasell rights reserved.
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F.J. Sabina).in N produces indistinguishable corrections; practically, the results
become sufﬁciently accurate at substantially smaller N. The effec-
tive elasticity of the composite containing a ﬁnite concentration
of inclusions was found by replacing inhomogeneous inclusions
by equivalent homogeneous ones (with properties found by the
multilayer approximation) and applying the effective ﬁeld method,
whereby each inclusion is placed in a certain effective stress.
This work has been largely overlooked, and its ideas have
appeared again in a number of later works. (See, for example, Herve
and Zaoui, 1993). The basic idea of replacing inhomogeneous inclu-
sions by equivalent homogeneous ones has been utilized in the
majority of works on the topic. Theocaris (1985) and Theocaris
et al. (1986) considered the mesophase layer as an independent
phase of variable properties, matching those of the inclusion on
one side and the matrix on the other. The examples of laws of var-
iation of the Young’s modulus E and Poisson’s ratio m across the
interphase layer include linear, parabolic, hyperbolic and a logarith-
mic ones. Theocaris and Varias (1986) described a model predicting
the inﬂuence of the mesophase on effective properties of ﬁbrous
composites. Their model is based on a corrected version of Kerner’s
model (see Christensen, 1979). Pagano and Tandon (1988, 1990)
developed two models to approximate the thermoelastic response
of a composite body reinforced by coated ﬁbers oriented in various
directions. The fundamental representative volume element used
in these papers is a three-phase concentric circular cylinder sub-
jected to prescribed displacements and surface tractions. The anal-
ysis leads to estimation of the effect of interphase layers on the
effective thermoelastic properties of ﬁber reinforced composites.
Fig. 1. Unit cell for (a) three-phase periodic composite with square symmetry and
periodic cell Y = Y1 [ YI [ Y2 and (b) two-phase composite with homogenized ﬁbers.
I. Sevostianov et al. / International Journal of Solids and Structures 49 (2012) 1518–1525 1519Sutcu (1992) presented a simple recursive algorithm which
considers only two concentric cylinders at a time, in order to calcu-
late ﬁve effective elastic constants and two linear thermal expan-
sion coefﬁcients for a uniaxially aligned composite that contains
an arbitrary number of coatings on its ﬁbers. The effective elastic
properties are calculated using expressions for two phase compos-
ites proposed by Hashin (1979) and Christensen (1979). Dasgupta
and Bhandarkar (1992) discussed a method to obtain the trans-
versely isotropic effective thermomechanical properties of unidi-
rectional composites reinforced with coated cylindrical ﬁbers. In
this work the method developed by Benveniste et al. (1989) is
applied to composites with multiply-coated cylindrical inhomoge-
neities. Lagache et al. (1994) determined numerically the effect of a
mesophase using a ﬁnite element formulation in order to solve the
local problems derived from the homogenization method. Chu and
Rokhlin (1995) suggested a method for the inverse determination
of effective elastic moduli of mesophases using a multi-phase
generalized self-consistent model.
The idea of approximating radially variable properties by multi-
ple layers (piecewise constant variation of properties) was ex-
plored by Garboczi and Bentz (1997) and Garboczi and Berryman
(2000) in the context of applications to concrete composites. An
alternative method was used by Wang and Jasiuk (1998). They
considered a general composite material with spherical inclusions
representing the interphase as a functionally graded material and
calculated effective elastic moduli using the composite spheres
assemblage method for the effective bulk modulus and the gener-
alized self-consistent method for the effective shear modulus.
Several closed form solutions for two speciﬁc forms of radial
variation of properties – the linear and the power law ones – have
been produced. Lutz and Ferrari (1993) and Zimmerman and Lutz
(1999) considered inclusions with linearly varying elastic moduli,
in the context of the effective bulk modulus. Lutz and Zimmerman
(1996a) considered the linear variation of the thermal expansion
coefﬁcient. Lutz and Zimmerman (1996b, 2005) and Lutz et al.
(1997) considered the power law variation, in the context of effec-
tive bulk modulus and effective conductivity.
Hashin (1990) analyzed imperfect interface conditions in terms
of linear relations between interface tractions and displacementjumps. All the thermoelastic properties of unidirectional ﬁber com-
posites with such interface conditions are evaluated on the basis of
a generalized self-consistent scheme model. Hashin (2002) re-
ported that the imperfect interphase conditions are equivalent to
the effect of a thin elastic interphase, and high accuracy of the
method is proved by comparison of solutions of several problems
in terms of the explicit presence of the interphase as a third phase.
Hashin’s approach was used for spherical particle-reinforced inho-
mogeneities by Wang et al. (2005).
Guinovart-Diaz et al. (2001) proposed to use the Recursive
Asymptotic Homogenization Scheme (RAHS) to calculate proper-
ties of a material reinforced with layered ﬁbers follows: ﬁrst, the
innermost two layers (the core and the layer next to it) are consid-
ered and then the coated core is replaced by an equivalent homo-
geneous transversely isotropic solid cylinder. This process is
repeated until all the coatings are assembled into the main ﬁber.
The ﬁnal step is to calculate the effective properties of the multi-
phase composite.
As far as an arbitrary law of radial variation in properties is con-
cerned, apart from the above mentioned idea of multilayer approx-
imation, an interesting methodology was proposed by Shen and Li
(2003, 2005), whereby the thickness of the interface is increased in
an incremental, ‘‘differential’’ manner, with homogenization at
each step. This idea, with modiﬁcations, has been utilized by
Sevostianov (2007) and Sevostianov and Kachanov (2007) for
particles reinforced composites with interphase layers. The proce-
dure of homogenization is reduced to solving non-linear ordinary
differential equation.
Both ‘‘continuum’’ and ‘‘discrete’’ approaches have their own
advantages and disadvantages: approach (A) allows analytical
solutions in very simple special cases only, like a circular cylinder
or a sphere (Shen and Li, 2003; Sevostianov and Kachanov, 2007);
approach (B) can be used for more complex cases, like partial deb-
onding, but since the springs used in this model are ﬁctitious, their
stiffnesses become matching parameters. The problem about
connection between the two approaches has been addressed by
Hashin (2002) for the case of homogeneous interphase layer. In
the present paper we consider non-homogeneous properties of
the interphase. For this aim we consider contributions of three
types of inhomogeneities into overall elastic properties and equate
them to get relation between parameters entering the models.2. Effective inhomogeneity – differential approach
The obvious starting point is to ﬁnd the elastic/conductive con-
stants of the equivalent homogeneous inclusion that has the radius
of the core inclusion plus the interphase thickness and that
produces the same effect on the overall property as the above de-
scribed ‘‘structured’’ inclusion. We assume that the inclusions have
the shape of circular cylinder. This assumption is also adequate for
cylinders with somewhat ‘‘jagged’’ boundaries and cylinders with
regular polygon cross section with large number of sides (as fol-
lows from Hill’s ‘‘modiﬁcation’’, or ‘‘comparison’’, theorem
(1963)). We use the approach developed by Sevostianov (2007)
and Sevostianov and Kachanov (2007) for spherical inhomogenei-
ties, where Hashin–Shtrikman lower bound is used as a back-
ground scheme and modify it for cylindrical inhomogeneities
with Hashin bounds (Hashin, 1965).
We ﬁrst outline the basic logic of the mentioned technique. We
denote by C one of the in-plane elastic moduli, either the bulk one,
K, or the shear one, G. The interface layer has the inner and the out-
er radii R2 and R1 = R2 + h, respectively (Fig. 1a). The inner core of
radius R2 has modulus C⁄ and the interface modulus varies across
the thickness: Ci = Ci(R). We aim at ﬁnding modulus C ¼ CðR1Þ of
the equivalent homogeneous inclusion of radius R1. We consider
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layer dR of the interface material, R? R + dR, assuming that the
inclusion of radius R is homogeneous (homogenized at the previ-
ous step, Fig. 1b). To ﬁnd the corresponding increment of modulus
of the equivalent homogeneous inclusion, we model this enlarge-
ment by placing the inclusion of radius R into a matrix that has
the property of the interface Ci(R). Volume fraction of the men-
tioned inclusion in the matrix is the ratio of the volume of the
inclusion of radius R to the volume of the enlarged inclusion of ra-
dius R + dR. It is close to unity and, to the ﬁrst order, is 1  2dR/R.
To ﬁnd the modulus C of the equivalent homogeneous inclu-
sion, we treat this system as a composite with volume fraction of
inclusions approaching unity and use Hashin lower bound (Hashin,
1965) to estimate its effective properties. This bound is actually
accurate in the present context: for an inclusion that is stiffer than
the matrix (K⁄ > K0, G⁄ > G0), of all the cylindrical inclusion shapes
of given volume, the circular cross-section produces the smallest
effect on the overall elasticity (see, for example Walpole, 1969).
For in-plane bulk and shear moduli, Hashin lower bounds have
the following form:







Parameter a0C is expressed in terms of Poisson’s ratio m of the inter-
face layer: a0C ¼ ð5 4mÞ=½2ð1þ mÞ if C is in-plane bulk modulus,
a0C ¼ ð5 4mÞ=ð4 5mÞ if C is the in-plane shear modulus and
a0C ¼ 2, if C is out-of-pane shear modulus. Two other transversely-
isotropic constants are not independent and are connected with





11 þ C12  CV11  CV12
2 C13  CV13
  ¼ C13  CV13
C33  CV33
ð2Þ
where quantities marked by superscript ‘‘d’’ will stand for the dif-
ferences between corresponding constants of the ﬁber and of the
matrix and superscript V denotes the Voigt arithmetic average
(for instance, CV13 ¼ ð1 f ÞC013 þ fC113).
Although m may be variable across the interface, its variation
does not produce substantial changes in aiC . Indeed, changes of m
between 0.2 and 0.4 (that is very large, corresponding, for example
to variation between ceramics and polymer!) yields variation in aiC
for in-plane shear modulus between 1.4 and 1.8 respectively. For
in-plane bulk modulus – the variation is slightly higher – between
1.75 and 1.21. In absence of any data on this variability, we assume
aiC to be constant across the interface. To reduce the error produced
by such an approximation to several percent, value of mmay be ta-
ken as the average between the extreme ones. Applying result (1)
to the system ‘‘core inclusion – inhomogeneous layer’’ yields, in the
limit /? 1,




Taking into account that / = 1  2dR/R, one arrives at the following












subject to the initial condition Cðr0Þ ¼ C where C⁄ is the modulus of
the inner core. Solving this equation and setting R = R1 = R2 + h gives
CðR1Þ.
For illustration, in the simplest case of a homogeneous interface

















Returning now to the general case of Eq. (4) we assume the power
law variation of the moduli across the inter interphase thickness
CðRÞ ¼ C0 þ ðCmin  C0ÞðR=R2Þb; ð6Þ
where Cmin is the minimal value across the interface (at the core





   ð7Þ
is chosen in such a way that the properties are continuous at the in-
ner boundary and are almost matched to the ones of the matrix (to
within small parameter d) at the outer boundary. Solution of (4), (6)
can be written in terms of hypergeometric functions (Sevostianov
and Kachanov, 2007).
We consider now the effective properties of a composite with
the square periodic arrangements of ‘‘structured’’ inclusions by
replacing the latter by the equivalent homogeneous ones using
homogenization technique (Rodríguez Ramos et al., 2001).
Effective constants can be subdivided into three groups (Sevos-
tianov and Sabina, 2007):











=2 (which are different in the
case of quadratic array of ﬁbers).
C. C44.Group A. Expressions for the effective constants of this group
have the following form:
C11 þ C12 ¼ C011 þ C012 þ fA Cd11 þ Cd12
 
; C13 ¼ C013 þ fACd13
C33 ¼ C033 þ fCd33  f ð1 f ÞA Cd13
 2
=C011; ð8Þ
where f is the volume fraction of ﬁbers. To the best of our knowl-
edge, form (8) was ﬁrst suggested by Avellaneda and Swart (1998).
Expressions for operator A for a periodic arrays of ﬁbers has the
following form






ð1 f Þ þ ð1þ j0ÞDVTpM1k eVph i ð9Þ
where the following notations are used hereafter
A¼ðj0vmj1ÞB=ðj1þvmÞ; B¼ð1vmÞ=ð1þj0vmÞ; C¼ ½ðj01Þvmðj11ÞB=F;
D¼ðj11ÞB=2F; E¼B=ð1vmÞ; F¼ð1 f Þvmþðj11ÞG; G¼1=2þ f=ðj01Þ;




Expressions for the components of matrix Mk and vectors Vp and eVp
(all of them are of inﬁnite order) for the square array are
ðVpÞs ¼ R8sg1ð4s1Þ; ðeVpÞt ¼ gð4t1Þ1
ðMkÞts ¼ dts þ R8s2ðArð4t1Þð4s1Þ þ Bgð4t1Þð4s1Þ
þ CR2gð4t1Þ1g1ð4s1ÞÞ ð11Þ
where dts is Kronecker’s delta and radius of a ﬁber (including inter-
phase thickness) R2 = f/p.
Expressions for functions gij, rij, gij are given in the Appendix in
the form of series of associated elliptic functions.
Group B. This group contains two constants in the case of square
array of ﬁbers:




=2 ¼ C066 þ fCd66B1 ð12Þ
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components of vectors Vm; eVm;Vm1 and eVm1 are expressed as
ðVmÞs¼R8sþ4ðAr1ð4sþ1Þ þBg1ð4sþ1ÞÞ;ðeVmÞt¼Arð4tþ1Þ1þBgð4tþ1Þ1;
ðVm1Þs¼R8sþ4ðAr1ð4sþ1Þ þBg1ð4sþ1ÞÞ;ðeVm1Þt¼Arð4tþ1Þ1þBgð4tþ1Þ1 ð16Þ
and components of the matrices Mm and Mm1 are given by
ðMmÞts ¼ dts þ R8sþ2ðArð4tþ1Þð4sþ1Þ  Bgð4tþ1Þð4sþ1ÞÞ
ðMm1Þts ¼ dts þ R8sþ2ðArð4tþ1Þð4sþ1Þ þ Bgð4tþ1Þð4sþ1ÞÞ
ð17Þ
Constants A and B are given by (10) and expressions for functions
gij, rij, gij are given in the Appendix.
Group C. For periodic square array of ﬁbers

















vectors Vp and eVp are given by (11) and expressions for functions gij
are given in the Appendix.
The effective properties of the composite can now be computed.
This procedure requires the truncation of inﬁnite matrices to a
ﬁnite order by blocks. Truncation to the third order yields sufﬁ-
ciently good results - no appreciable changes occur from trunca-
tion to higher orders. The higher powers of the ﬁber radius in the
components of the matrices and vectors make this possible.
3. Effective inhomogeneity – periodic solution. Three phase
model
Let us consider linear anisotropic elastic constitutive relations
but for an heterogeneous and periodic medium. The elastic coefﬁ-
cients Cijpq are Y-periodic functions where Y denotes the periodic
cell. It is known, that by means of the homogenization method
applied to periodic structure, the original constitutive relations
with rapidly oscillating material coefﬁcients are transformed into
new relations with constant elastic coefﬁcients which represent
the properties of an equivalent homogeneous medium and are
called the effective coefﬁcients of the composite. They can be cal-
culated using the following formulae: Cijpq ¼ hCijpq þ CijklpqUk;li,
which satisfy the following symmetry conditions Cijpq = Cjipq =
Cpqij = Cqpij and, the angular brackets deﬁne the volume average
per unit length over the unit cell, that is hFi ¼ RjYj FðyÞdy.
Thematerial coefﬁcients Cijpq are known functions of the constit-
uent phases. The local variable on the periodic cell Y is denoted by
y = (y1,y2,y3). The subscripts assume the values 1, I and 2; the com-
madenotes partial differentiation, and the summation convention is
applied. The functions pqUk are solutions of the so-called local prob-
lems pqL (Guinovart-Diaz et al. (2001)). The aim of the present work
is the determination of the effective properties of a three phase ﬁ-ber-reinforced composite body, with the axis parallel to the concen-
tric cylindrical ﬁbers. The composite constituents are homogeneous
linear transversely isotropic elasticmaterials, with the axis of trans-
verse isotropy oriented in the direction of the ﬁbers. The cell of the
body is chosenwith a side parallel to the ﬁbers andwith unit length.
The transversal section of the periodic cell is square (see Fig. 1). Let
phase (1) be thematrix, phase (2) constitutes the central core or cen-
tral ﬁber and the other phase (I) lie within the shell limited by two
concentric cylinders with the radii R1 and R2, respectively, where
R2 = R1 + t and t is the thickness of the interphase. Perfect contact
condition at each different interphase is considered in the model.
The common interface between the two phases is denoted byC1,C2.
Due to the periodic distributions of the ﬁbers in the isotropy
plane x1x2, and the continuity of displacement and traction, the
local problems pqL over the unit cell take the following form:
ðCijpqðyÞ þ CijklðyÞpqUk;lðyÞÞ;j ¼ 0; and
kpqUikC ¼ 0; kðCijpq þ CijklpqUk;lÞnikC ¼ 0:
In these relations kk indicates the jump in the quantity at the com-
mon interface between the phases denoted by C.
The method of complex variables in terms of two harmonic
functions uc(z) and wc(z) and the Kolosov–Muskhelishvili complex
potentials are applicable. The potentials are related to the displace-





¼ jcucðzÞ  z ucðzÞ  wcðzÞ
rðcÞ11 þ rðcÞ22 ¼ 2ðu0cðzÞ þ u0cðzÞÞ
rðcÞ22  rðcÞ11 þ 2irðcÞ12 ¼ 2ðzu00cðzÞ þ w0cðzÞÞ
ð21Þ
where the prime denotes a derivative with respect to z, the overbar
a complex conjugate and jc ¼ 3 4mTc , here mTc is the transverse
Poisson’s ratio.
The complex potentials uc(z) and wc(z) are looked for the peri-
odic cell that contains the origin of coordinates in the following form



















































The details of the derivation of the closed expressions for three
phase elastic composites can be found in Guinovart-Dıaz et al.,
2005. The analytical formulae are summarized as follows:
Ck ¼ Ckv  ðV2 þ V3ÞkCkk21K1=C661  V3kCkk1kCkk2K2=C662
 V3kCkk1kCkk2K3=C661  V3kCkk22K4=C662
C13 ¼ C13v  ðV2 þ V3ÞkCkk1kC13k1K1=C661  V3kCkk1kC13k2K2=C662
 V3kC13k1kCkk2K3=C661  V3kCkk2kC13k2K4=C662
C33 ¼ C33v  ðV2 þ V3ÞkC13k21K1=C661  V3kC13k1kC13k2K2=C662
 V3kC13k1kC13k2K3=C661  V3kC13k22K4=C662
C66 ¼ C66v þ ðV2 þ V3ÞkC66k1M þ V3kC66k2
Cm0 ¼ C66v þ ðV2 þ V3ÞkC66k1M0 þ V3kC66k2
ð25Þ
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that appears in the ﬁrst summand of each of the Eq. (25) refers to
the Voigt average (the so-called rule of mixtures) of the relevant
quantity. For instance, kv  V1k1 + VIkI + V2k2, etc. V1, VI and V2 are
the area fractions occupied by the matrix, interphase and inner ﬁber
materials in Y1, YI, and Y2, respectively. Note that V1 + VI + V2 = 1.
Moreover,
K1 ¼ soððj2  1Þdo þ 2roðr2=r1ÞÞ; K2 ¼ s1ðj2  1Þðr1=r2Þ þ 2s2
K3 ¼ soððj2  1Þdo þ 2roðr1=r2ÞÞ; K4 ¼ s1ðj2  1Þðr2=r1Þ þ 2s2
M ¼ F1ðj1 þ 1Þ
1þ Ao þ A2r11 þ ð3B C2Þg13 þ A1g31  V1mM1m V2m
M0 ¼ F1ðj1 þ 1Þ
1þ Ao þ A2r11 þ ð3B C2Þg13 þ A1g31  V1m0M1m0 V2m0
þ 1
The expressions (25) constitute the set of calculated effective coef-
ﬁcients for the three phase linear in-plane elastic composite.
4. Spring model for composites with imperfect interface
A two-phase composite is considered which comprises a matrix
with homogeneous properties given by the elastic Cð1Þijkl moduli ten-
sors in which are embedded parallel circular cylindrical ﬁbers with
corresponding homogeneous properties Cð2Þijkl. The homogenization
method is applied to obtain the overall properties of the above
periodic medium. Then, it follows that in terms of the fast variable
y = x/e, the appropriate periodic unit cell Y is taken as a regular
square in the y1y2-plane so that Y = Y1 [ Y2 with Y1 \ Y2 = ;, where
the domain Y1 is occupied by the matrix and its complement Y2, a
circle of radius R, is ﬁlled up with the ﬁber (Figs. 1 and 2). Beside
the use of subscript, matrix and ﬁber associated quantities are also
referred below by means of superscripts in brackets (1) and (2),
respectively.
The inclusion problems associated with composite materials,
which have been presented in the literature, are mainly concerned
with perfect interface condition. In the case of perfect bonding, the
continuities of displacement and tractions are concerned. Often,Fig. 2. Normalized effective bulk and transverse shethe above mechanical interface conditions are not realistic
assumptions in modeling the actual physical problems. In this sec-
tion it is intended to analyze the behavior of a composite under
imperfect contact. The mechanical behavior of imperfect interface
is modeled via a layer of mechanical springs of zero thickness. The
spring constants are the measures for the magnitude of the associ-
ated continuities. The vanishing value of: Kt, Ks and Kn corresponds
to pure debonding (normal perfect debonding), in-plane pure slid-
ing, and out-of-plane pure sliding, respectively. The status of the
mechanical bonding is completely determined by appropriate val-
ues of these constants. For large enough values of the constants,
the perfect bonding interface is achieved.
Using the vector notation and deﬁning the spring stiffness ma-







1CA; T ¼ TtTs
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the mechanical imperfect condition (Hashin, 1990, Shodja et al.,
2006) may be expressed as
T ð1Þ þ T ð2Þ ¼ 0; T ðcÞ ¼ ð1Þcþ1Kkuk; on C ð27Þ
where n is the outward unit normal on C; ut, us, un are the tangen-
tial and normal components of the mechanic displacement vector;
Tt, Ts, Tn are the tangential and normal components of the traction
vector T (Ti = rijnj). The superscripts (c), c = 1, 2 denote the matrix
and ﬁber respectively. Under above considerations one particular
type of non-ideal contact condition (27) is studied, i.e. eKn !1
and it is equivalent to kunk = 0.
In the case of the plane local problem, we only need to ﬁnd the
solution of the same problem derived from plane elasticity equa-
tions with imperfect contact conditionar moduli for different interphase thicknesses.
Table 1
Materials used in the calculations.
Ea (GPa) Et (GPa) ma mt
Matrix 2.70 2.70 0.35 0.35
Fiber 24 24 0.2 0.2
Interphase 3.03 3.03 0.5 0.5
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Tð1Þn þ Tð2Þn ¼ 0; Tð1Þt þ Tð2Þt ¼ 0;
kUnk ¼ 0; TðcÞt ¼ ð1Þcþ1Cð1Þ66KtkUtkR1
)
on C;
Uh i ¼ 0:
ð28Þ
The functions Ut, Un are the tangential and normal components of
the local displacement vector U whereas Tt, Tn are the tangential
and normal components of the traction vector Ti = (rij + Cijpq)nj asso-
ciated to the local problem.
The idea of the solution consists to re-write the mathematical
formulation of imperfect contact given by (28) in terms of the po-
tential functions uc, wc. The methods of a complex variable z in
terms of two harmonic functions and the Kolosov–Muskhelishvili
complex potentials are applicable. The potentials are related to
the displacement and stress components by means of the formulae
(21). The effective coefﬁcients Ck;C13;C33;C66;Cm0 , are derived in a
similar form as Rodríguez Ramos et al. (2001) for perfect contact
case. The closed form formulae of the overall coefﬁcients can be
listed as follows
Ck ¼ Ckv 
V2kCkkc2ðbÞ
C661




C33 ¼ C33v 
V2kC13k2
C661
F; C66 ¼ C66v þ V2kC66ckM;











M ¼ 1þ ð1þ j1ÞE
ð1þ H  VmM1m eVmÞ
M0 ¼ 1þ ð1þ j1ÞE
1þ Hþ  Vm0M1m0 eVm0
ð30Þ
The imperfection parameter Kt is involved in the given parameters
(30). The expression (29) constitutes the set of effective coefﬁcientsFig. 3. Normalized effective bulk and transverse shear moduli vs. differenfor describing the behavior of in-plane elastic composite with
imperfect adhesion via linear spring model.5. Comparison of three approaches
The spring model used in the present analysis, contains the
assumption that eKn !1which is equivalent to kunk = 0. The inter-
phase model corresponding to this assumption represents a three-
phase composite with incompressible interphase layer (i.e. a0C ¼ 2
in (5) for all the elastic moduli). The relation between the spring
parameter and the interphase is given by Kt = Ks = GIR2/t (see
Hashin, 2002). The material parameters used in the computations
are given in Table 1.
In Fig. 2, a comparison between three-phase (3 phase), two-
phase (2 phase), spring models and differential approach (DA) is
shown for a composite with two different interphase thicknesses
t = 0.01 and t = 0.001. Notice that for a thin interphase t = 0.001
all the models coincide in the whole range of ﬁber volume fraction.
The curves related to the shear modulus for spring and two-phase
models are indistinguishable as the interphase is thin, i.e. t = 0.001.
Fig. 3 illustrates the normalized effective bulk and transverse
shear moduli as a function of the shear modulus of the interphase
for different ratio g = t/R2 values. The aforementioned properties
were calculated using three models, i.e. the DA, 3 phase and spring
models for ﬁber volume fraction V2 = 0.5. In all ﬁgures there exist an
interval (0 < log (GI/G1) < 2) where the interphase has no inﬂuence
on the effective properties. As the thickness of the interphase is very
thin (g? 0) this interval grows and all models reveal non inﬂuence
of the interphase for both effective properties. DA and 3 phasemod-
els show that the effective properties become weaker as thet values of the shear interphase properties for g = 0.01 and g = 0.001.
Fig. 4. Normalized effective axial shear modulus vs. different values of the shear
interphase properties for g = 0.001.
1524 I. Sevostianov et al. / International Journal of Solids and Structures 49 (2012) 1518–1525interphase properties (GI/G1)? 0. Conversely, the effective proper-
ties become stronger as (GI/G1)?1. The springmodel has inﬂuence
only for the shear moduli as (GI/G1)? 0 (see Fig. 4) because this
model is considered for composites with incompressible inter-
phase. The result via spring model as (GI/G1)?1 corresponds to
the effective properties of two-phase composite.
6. Conclusions
The paper addresses comparative analysis of different
approaches to model imperfect interfaces in ﬁber reinforced com-
posites with periodic square arrangement of ﬁbers. It is shown that
three different approaches – differential approach, three-phase
model with consequent homogenization and spring model – pro-
duce only mild difference in prediction of the effective elastic prop-
erties, if the contrast between properties of different phases is up
to two orders of magnitude. We also identify the interval of thick-
ness at which the interphase does not inﬂuence the effective prop-
erties.The main result of the present work can be formulated as the
interconnection between different models describing effect of
imperfect contact between ﬁbers and matrix.
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Appendix A. Series of associated elliptic functions and relevant
formulas
The periodicity parameter in the calculation of the effective
properties of periodic structures can be written as (see Grigolyuk
and Fil’shtinskii, 1970)
bmn ¼ mx1 þ nx2 ðA:1Þ
where, for a square array of ﬁbers x1 = 1, x2 = i. Then, matrices of
the inﬁnite order gkl and g0kl entering expressions (11) and (20)



















; mþ n – 0; kþ l > 2 ðA:3Þ
where overbar means complex conjugate. Note that for a square ar-
ray of ﬁbers gkl– 0 if k + l = 4n and g0kl – 0 if k + l = 4n + 2. All other
components of these matrices vanish.
The elements of the matrices of the inﬁnite order rkl and gkl
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